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The chiral invariant QHD-III model of Serot and Walecka is applied in the calculation of some
meson properties. The electromagnetic interaction is included by extending the symmetry of the
model to the local U(1)× SU(2)R × SU(2)L group. The minimal and nonminimal contributions to
the electromagnetic Lagrangian are obtained in a new representation of QHD-III. Strong decays of
the axial-vector meson, a1 → piρ, a1 → piσ, and the electromagnetic decays ρ → pipiγ, a1 → piγ
and ρ → piγ are calculated. The low-energy parameters for the pi − pi scattering are calculated in
the tree-level approximation. The effect of the auxiliary Higgs bosons, introduced in QHD-III in
order to generate masses of the vector and axial-vector mesons via the Higgs mechanism, is studied
as well. This is done on the tree level for pi − pi scattering and on the level of one-loop diagrams
for the a1 → piγ decay. It is demonstrated that the model successfully describes some features of
meson phenomenology in the non-strange sector.
PACS numbers: 11.30.Rd, 13.25.Jx, 13.40.Ks
I. INTRODUCTION
Relativistic models built with hadronic degrees of freedom have been very successful in describing different properties
of nuclei and hadrons at low and intermediate energies (for comprehensive reviews see refs. [1, 2, 3]). In some of these
models, the hadronic Lagrangian has symmetries which are inspired by the underlying QCD theory. This allows
one to have fewer parameters, thereby reducing ambiguities in the hadronic models. One of the first models which
incorporated the SU(2)R × SU(2)L symmetry was the gauged linear σ model (GLSM) developed in ref. [4]. This
model was an extension of the linear σ model and included, in addition to the pion and scalar meson, the vector ρ and
axial-vector a1 mesons as gauge bosons of the local SU(2)R × SU(2)L symmetry. The local symmetry was explicitly
broken by the vector-meson mass terms, and spontaneous symmetry breaking (SSB) by the scalar field led to the mass
splitting between the ρ and a1. This model was elaborated in [5], where the current-field identities were established.
Later the model was applied [6] in a description of the meson properties. Because of some difficulties additional terms
are often included. These terms break further the local symmetry and introduce additional parameters, which allow
for a better description of the meson observables [5, 6, 7].
The QHD-II model, which respects the local SU(2)V isospin symmetry, was developed in refs. [1, 8]. It was extended
in ref. [9] by adding the chiral SU(2)A symmetry. This model, called QHD-III, is a chiral invariant theory based on
the local symmetry SU(2)R × SU(2)L. The ρ and a1 mesons are included as the gauge bosons which are initially
massless. The masses are generated through SSB and the Higgs mechanism. The Lagrangian of QHD-III includes the
Lagrangian of GLSM and the Lagrangian of the Higgs fields. The need for the latter sector of the model was clearly
explained in ref. [10]: the Higgs mechanism in GLSM with local symmetry leads to the disappearance of the pion
which plays the role of a would-be Goldstone boson giving its degree of freedom to the massive a1 meson. Therefore
the Higgs sector serves to generate the masses of the a1 and ρ mesons and to preserve the pion as a physical degree
of freedom. Due to the local gauge symmetry the model is renormalizable and does not require the introduction of
cut-off parameters. It is also parity conserving by construction.
A subtle aspect of QHD-III (but also of GLSM and other hadronic models including the axial-vector meson) is
the presence of a bilinear term mixing the a1 and pion fields. This considerably complicates the interpretation of
the physical particles in the theory as well as calculations with this Lagrangian. One way to get rid of the mixing
was considered in [4] and later used in other papers [2, 5, 6, 9]. It consists of a re-definition of the a1 field and
subsequent wave-function renormalization of the pion field. The final Lagrangian takes a complicated form with
strongly momentum-dependent vertices. This has undesirable implications in low-energy meson phenomenology. As
examples, we mention the vanishing of the a1πρ and σππ vertices at some values of the invariant masses of the a1
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2and σ, and the difficulties with the ρππ vertex [7]. The authors of [7], instead of re-defining the fields, preferred to
sum the self-energy generated by the a1 − π mixing to all orders.
An alternative method in the framework of QHD-III was recently suggested in [10]. This method exploits the
freedom in choosing the gauge due to the local gauge invariance. Originally [9] the so-called unitary gauge was chosen
from the beginning, and the two massless isovector Goldstone bosons (we will call them H and Z) were ”gauged
away”. This choice leads to the above-mentioned complication with the mixing. Note that the pseudoscalar boson Z
has the same quantum numbers I(JP ) = 1(0−) as the pion pi originating from GLSM sector. Therefore the physical
pion field can be chosen as a linear combination of Z and pi, while the orthogonal combination is decoupled in the
unitary gauge [10]. The Lagrangian then takes a simpler form, without complicated momentum-dependent vertices.
In the present paper we apply this new representation of QHD-III in the calculation of some meson properties.
First, we include the electromagnetic (EM) interaction in this model. This is done via an extension of the symmetry
of QHD-III to the local U(1)× SU(2)R × SU(2)L group. We use an arbitrary gauge where all eight Higgs fields are
initially present. The EM interaction in both sectors of the model is obtained. After an appropriate diagonalization
of the Z and pi fields and fixing the gauge along the lines of ref. [10], we obtain the EM interaction in terms of
the physical pion field. The final Lagrangian includes the minimal EM interaction, as well as the (nonminimal) EM
interaction with the intrinsic magnetic moment of the ρ and a1 mesons.
We then study the strong and EM decays of the vector and axial-vector mesons. Some of the decays can be calculated
on the “tree-graph” level, while others require a calculation beyond the tree level. In particular, we calculate the
width of the following decays: a1 → πρ , a1 → πσ and ρ0 → π+π−γ. We also address the issue of the width of the
scalar σ meson, in view of the interest [6] in this subject. The matrix elements for the above decays are given directly
by the corresponding vertices in the Lagrangian. In order to calculate the decays a+1 → π+γ and ρ+ → π+γ we need
to include loop diagrams. In particular, the a+1 → π+γ process is described by a large number of one-loop diagrams,
which can be grouped according to the intermediate state in the diagram. The diagrams where only vector or axial
vector mesons in the loop are present are not yet included in this exploratory study.
All matrix elements of the EM processes turn out to be finite, due to a cancellation of divergencies between different
amplitudes. The fulfillment of EM gauge invariance serves as a check of the calculation. The decay widths of these
processes are listed in the PDG reviews, and we compare the model predictions with experimental values.
To determine the parameters of the model we fix the strong-coupling constant gρ from the ρ→ ππ decay. All other
parameters are strongly correlated, once the masses of the particles are taken equal to their experimental values. Only
the mass mσ of the σ meson and the mass mH of the Higgs particles remain unconstrained. The mass mH is taken
to infinity in the calculation. As an additional test of the model we calculate the low-energy parameters for π − π
scattering. Because of some unusual features of the model, such as the presence of Higgs mesons and a suppression of
the ππσ interaction, it is not a priori clear whether the model can reasonably describe the experiment. The scattering
lengths and effective ranges for the S− and P−waves are calculated on the tree level and compared with the data
and other approaches.
The paper is organized as follows. In Sect. II the Lagrangians of the EM and strong interactions are obtained. We
start with the Higgs sector in Sect. II A. The GLSM is briefly discussed in Sect. II B. In Sect. II C the procedure
for removing the mixing terms in the Lagrangian is described. The final EM and strong-interaction Lagrangians in
terms of the physical pion field are presented in Sect. II D. In Sect. III A the widths of the strong decay of the mesons
are calculated, and in Sect. III B we consider the EM decay of the mesons. Results are compared with experiment.
Pion-pion scattering at low energies is studied in Sect. IV. In Sect. V we discuss the results and prospects, and draw
conclusions. In Appendix A we outline the derivation of the Lagrangian, originating from the Higgs sector. Explicit
expressions are given for the Lagrangian in GLSM. Finally, Appendix B contains details of the calculation of the
one-loop integrals.
II. ELECTROMAGNETIC INTERACTION IN CHIRAL QUANTUM HADRODYNAMICS
A. Lagrangian of electromagnetic interaction in the Higgs sector
In this section we discuss the EM interaction in the framework of chiral quantum hadrodynamics (QHD-III). The
strong Lagrangian [9] consists of the GLSM Lagrangian LNpiσω and the Higgs part,
LQHD−III = LNpiσω + LH , (1)
where LNpiσω will be discussed in the next section, and
LH = (DµΦR)†(DµΦR) + (DµΦL)†(DµΦL)− VH(ΦR,ΦL), (2)
3with the potential
VH(ΦR,ΦL) =
λH
4
[(ΦR
†ΦR)
2 + (ΦL
†ΦL)
2]− µ2H(ΦR†ΦR +ΦL†ΦL). (3)
The complex doublets of spinless fields, ΦR,ΦL, transform as the spinor representation of SU(2). The covariant
derivatives Dµ are expressed in terms of the right and left isovector gauge fields rµ = (ρ
′
µ + aµ)/
√
2 and lµ =
(ρ′µ − aµ)/
√
2. The Lagrangian is symmetrical under the local SU(2)R × SU(2)L gauge transformations (for more
details see [9]).
To include the EM interaction we extend the model by adding the gauge U(1) symmetry of hypercharge. The method
is formally equivalent to that in the theory of Glashow, Weinberg and Salam (GWS) of electroweak interactions (see,
e.g., [11] Ch.20.2, and also [1]). The hypercharge YH = 1 is assigned to the scalar fields, and the covariant derivatives
acting on ΦR and ΦL take the form
DµΦR/L = [∂µ + ig
′
ρ
τ
2
(ρ′µ ± aµ) +
i
2
e′A′µ]ΦR/L, (4)
where A′µ is the EM field, g
′
ρ and e
′ are the strong and EM coupling constants. The fields ρ′µ and aµ are associated
with the vector (isovector) meson ρ(770), and axial-vector (isovector) meson a1(1260). We should also add the free
Lagrangians of all vector fields
L(0)γρa = −
1
4
ρ
′2
µν −
1
4
a2µν −
1
4
(∂µA
′
ν − ∂νA′µ)2, (5)
where
ρ
′
µν = ∂µρ
′
ν − ∂νρ′µ − g′ρ(ρ′µ × ρ′ν)− g′ρ(aµ × aν),
aµν = ∂µaν − ∂νaµ − g′ρ(ρ′µ × aν)− g′ρ(aµ × ρ′ν). (6)
In these expressions we included primes on Aµ and ρµ, anticipating that these are not yet the fields of the physical
photon and ρ meson, but will be redefined.
Due to the chosen form of the potential VH in Eq.(3), the masses of the vector and axial-vector mesons are generated
via the Higgs mechanism, as suggested in ref. [9]. The fields ΦR and ΦL acquire a nonzero vacuum expectation value
(VEV)
〈ΦR〉 = 〈ΦL〉 = 1
2
(
0
u
)
, (7)
where the value of u will be specified later. We now define the eight Higgs fields via
ΦR/L =
1
2
[u+ η ± ζ + iτ (H± Z)]
(
0
1
)
. (8)
The fields η and H are scalars, whereas ζ and Z are pseudoscalars under the parity transformation,
Pη(t,x)P−1 = η(t,−x), PH(t,x)P−1 = H(t,−x),
Pζ(t,x)P−1 = −ζ(t,−x), PZ(t,x)P−1 = −Z(t,−x) , (9)
so that the fields ΦR and ΦL satisfy the relations
PΦR(t,x)P−1 = ΦL(t,−x), PΦL(t,x)P−1 = ΦR(t,−x) . (10)
Eq.(10) is the condition that the model is parity conserving [9].
The Lagrangian can now be rewritten in terms of the fields ρ′µ, aµ, A
′
µ, η, ζ,H and Z. We insert Eq.(4) in the
Lagrangian (2) and use the representation of Eq.(8). In the derivation there appears a mixing between A′µ and the
3d component of ρ′µ, which requires a re-definition of these fields. One can introduce new physical fields (without
primes), (
ρ3µ
Aµ
)
=
(
cos θ − sin θ
sin θ cos θ
)(
ρ′3µ
A′µ
)
, (11)
4with the mixing angle defined through tan θ = e′/g′ρ, and rewrite the Lagrangian in terms of the physical fields. The
covariant derivatives now read
DµΦR/L = [∂µ ±
i
2
g′ρτaµ +
i
2
g′ρ(τ
1ρ1µ + τ
2ρ2µ) +
i
2
gρ(τ
3 − 2QH sin2 θ)ρ3µ + ieQHAµ]ΦR/L , (12)
where we introduced the coupling of the neutral ρ meson, gρ ≡ g′ρ/ cos θ, and the electric charge of the proton,
e ≡ g′ρ sin θ = e′ cos θ. The charge operator is given by QH = (1 + τ3)/2; it is seen that it yields zero when acting on
the vacuum. The latter condition is crucial to ensure that the photon does not acquire mass due to SSB.
For the physical values of the couplings we have θ ≪ 1 and, up to O(e/gρ), we use the substitutions
ρ′3µ → ρ3µ +
e
gρ
Aµ, A
′
µ → Aµ −
e
gρ
ρ3µ, ρ
′1,2
µ → ρ1,2µ , (13)
without distinguishing g′ρ from gρ, and e
′ from e. Eq.(12) simplifies correspondingly, to this order.
The derivation of the Lagrangian is tedious, and some details are collected in Appendix A. The result can be
written as a sum of the EM and strong-interaction parts,
LH = LemH + LstrH , (14)
where the EM Lagrangian is
LemH = −
1
4
(∂µAν − ∂νAµ)2 + Lem,minH + Lem,nonminH , (15)
Lem,minH = −eAµJµH , (16)
JµH = (H× ∂µH+ Z× ∂µZ)3 +mρ(Z× aµ +H× ρµ)3
+
1
2
gρ[H× (H× ρµ) + Z× (Z× ρµ) + Z× (H× aµ) +H× (Z × aµ)
+η(Z× aµ +H× ρµ) + ζ(H× aµ + Z× ρµ)]3 + (ρµν × ρν + aµν × aν)3, (17)
Lem,nonminH =
e
2
(∂µAν − ∂νAµ)(ρµ × ρν + aµ × aν)3. (18)
It is seen that in the arbitrary gauge there is a contribution originating from the fields H and Z. If they are omitted
from the beginning then only the last term in Eq.(17) would remain. In fact the field Z may survive even in the
unitary gauge (see Sect.II C) and contribute to the EM current. To clarify this point we need to consider explicitly
the second sector of the model – GLSM (Sect. II B). It is also worthwhile to notice the nonminimal EM interaction
in Eq.(18), which comes from the free ρ-meson Lagrangian after making the substitutions of Eq.(13).
The strong-interaction Lagrangian in Eq.(14) has the following structure
LstrH = L(0)HZ + L(0)ηζ + L(0)ρa + LintH +mρ(aµ∂µZ+ ρµ∂µH), (19)
where L(0)HZ , L(0)ηζ and L(0)ρa are the free Lagrangians of the massless Goldstone bosons H,Z, the massive Higgs bosons
η, ζ, and the gauge bosons ρµ, aµ. We have respectively,
L(0)HZ + L(0)ηζ =
1
2
(∂µH)
2 +
1
2
(∂µZ)
2 +
1
2
[(∂µη)
2 −m2Hη2] +
1
2
[(∂µζ)
2 −m2Hζ2], (20)
L(0)ρa = −
1
4
ρ
2
µν +
1
2
m2ρρ
2
µ −
1
4
a2µν +
1
2
m2ρa
2
µ. (21)
The expression for the interaction term LintH is complicated and given in Eqs.(A3) and (A4) of Appendix A. The last
term in Eq.(19) describes the SSB induced mixing of ρµ with H and of aµ with Z. This term will be dealt with in
Sect. II C. The mass of the ρ and a1 mesons [26], the mass of the η and ζ, the VEV u, and the parameters of the
potential are related via
mρ =
1
2
gρu, mH =
√
2µH , λH =
(mHgρ
mρ
)2
.
5B. Electromagnetic interaction in the gauged linear sigma model
The Lagrangian of GLSM [4, 5, 9] can be written in terms of the fields of the nucleon (N), pion (pi), scalar meson
(φ), and vector mesons (ωµ, ρ
′
µ and aµ) as follows
LNpiσω = N¯ [iγµDµ − gpi(φ+ iγ5τpi)]N + 1
2
[(∆µpi)
2 + (∆µφ)
2] +
1
2
m2ωω
2
µ −
1
4
ω2µν − V (φ,pi) + LSB , (23)
where the covariant derivatives acting on the nucleon, pion and scalar fields are defined respectively as
DµN = [∂µ + ig
′
ρ
τ
2
(ρ′µ + γ5aµ) + igωωµ]N, (24)
∆µpi = ∂µpi + g
′
ρpi × ρ′µ − g′ρφaµ, ∆µφ = ∂µφ+ g′ρpiaµ, (25)
and the kinetic energy of the ω meson is expressed through the tensor ωµν = ∂µων − ∂νωµ. The potential energy
term is
V (φ,pi) =
1
4
λ(φ2 + pi2)2 − 1
2
µ2(φ2 + pi2). (26)
Note that there are no mass terms for the nucleon, ρ and a1 mesons, whereas a mass term is present for the isoscalar ω.
This Lagrangian is invariant under local SU(2)R×SU(2)L transformations, apart from a possible explicit symmetry-
breaking term LSB = cφ generating the pion mass.
The EM interaction is included by changing DµN to (Dµ +
i
2e
′YNA
′
µ)N , where the nucleon hypercharge YN is
taken equal to unity. We also have to make the substitutions of Eq.(13). The covariant derivative for the nucleon, in
the order O(e/gρ), takes the form
DµN → [∂µ + igρ τ
2
(ρµ + γ5aµ) + igωωµ +
i
2
e(1 + τ3)Aµ]N , (27)
and the electric charge of the nucleon is eQN = e(T3+YN/2) in accordance with the Gell-Mann - Nishijima relation.
The nucleon mass is generated via the SSB, if λ > 0 and µ2 > 0 in Eq.(26). The scalar field acquires a nonzero VEV
〈φ〉 = v, and after redefining the sigma field via φ = v + σ we obtain the following Lagrangian of the EM interaction
LemNpiσ = −eAµJµNpiσ (28)
with the EM current
JµNpiσ = N¯γ
µ 1
2
(1 + τ3)N + [pi × ∂µpi − gρ(v + σ)pi × aµ + gρpi × (pi × ρµ)]3. (29)
The strong-interaction Lagrangian can be written in the following form
LstrNpiσω = L(0)Npiσω + LintNpiσω +
1
2
g2ρv
2a2µ − gρvaµ∂µpi, (30)
where the free Lagrangian L(0)Npiσω of the nucleon, pion, sigma and omega reads
L(0)Npiσω = N¯(iγµ∂µ −mN )N +
1
2
[(∂µpi)
2 −m2pipi2] +
1
2
[(∂µσ)
2 −m2σσ2]−
1
4
ω2µν +
1
2
m2ωω
2
µ. (31)
The interaction LintNpiσω is not needed in this section, and is given in Eq.(A5) of Appendix A. The third term on the
right in Eq.(30) arises due to the nonzero VEV of the scalar field φ. It gives an additional contribution to the mass
of the a1 meson
m2a = m
2
ρ + g
2
ρv
2 = g2ρ(v
2 +
1
4
u2). (32)
The last term in Eq.(30) mixes the pion field with the axial-meson field.
What remains to be specified are the relations between the masses of the nucleon, sigma, pion, and the parameters
of the potential. They read as follows
mN = gpiv, m
2
σ = 2λv
2 +m2pi, m
2
pi =
c
v
, µ2 =
1
2
(m2σ − 3m2pi). (33)
6C. Removing mixing terms in Lagrangian
The Lagrangians obtained so far are still not complete. They contain bilinear terms which mix different fields,
namely aµ and pi, aµ and Z, ρµ and H. To remove these terms we will follow the method of [10], with some
variations. Collecting the mixing terms from Eq.(19) and Eq.(30) one gets
Lmix = −gρvaµ∂µpi +mρ(aµ∂µZ+ ρµ∂µH) = −gρ∂µaµ (
u
2
Z− vpi)−mρ∂µρµH
= −ma∂µaµZ˜−mρ∂µρµH , (34)
where we dropped a full divergence in the first line and used the following definition(
Z˜
p˜i
)
=
(
cos θpi − sin θpi
sin θpi cos θpi
)(
Z
pi
)
(35)
of the new fields Z˜ and p˜i. The mixing angle θpi is determined by tan θpi = 2v/u, i.e. by the ratio of the VEV’s of
the scalar fields in the two sectors of the Lagrangian. The transformation (35) leaves the sum of the kinetic terms
invariant, (∂µpi)
2 + (∂µZ)
2 =(∂µp˜i)
2 + (∂µZ˜)
2. The mixing terms in Eq.(34) can now be removed by adding the
gauge-fixing term LGF = −(∂µaµ − ξmaZ˜)2/2ξ − (∂µρµ − ξmρH)2/2ξ similarly to the procedure fixing the so-called
Rξ gauge in gauge theories ([11], Ch.21). For the sum we obtain
Lmix + LGF = − 1
2ξ
(∂µaµ)
2 − 1
2ξ
(∂µρµ)
2 − m
2
aξ
2
Z˜2 − m
2
ρξ
2
H2, (36)
which shows that Z˜ and H are fictitious fields with masses maξ
1/2 and mρξ
1/2 respectively. These fields do not
contribute to physical processes because their contribution is always canceled by the ξ-dependent part of the aµ or
ρµ propagator [11] (Ch.21.1). We will choose the unitary gauge ξ → ∞ in which Z˜ and H completely decouple
and the propagator of the vector meson takes the form i(−gµν + kµkν/m2)/(k2 − m2 + i0). In this gauge Z˜
(H) provides a longitudinal degree of freedom to the massive a1 (ρ) meson [27]. Setting Z˜ = 0 in Eq.(35) gives
pi = cos θpip˜i = (mρ/ma)p˜i and Z = sin θpip˜i = (gρv/ma)p˜i. The latter formulas have been obtained in [10] in a slightly
different way. It is convenient to use the notation Xpi ≡ (mρ/ma)2. Then in all formulas of the previous sections we
just have to set H = 0 and make the replacements
pi →
√
Xpip˜i , Z→
√
1−Xpip˜i (37)
in terms of the physical pion field p˜i. It is seen, in particular, that choosing Z = 0 from the beginning leads to a
different Lagrangian.
D. Electromagnetic interaction in terms of the physical pion field
Now we are in a position to write the total EM interaction. For the sake of brevity we omit from now on the “tilde”
on the pion field and, after the substitutions of Eq.(37) are made, use the notation pi for the physical pion. The
current arising from the Higgs sector reads
JµH = (1−Xpi)(pi × ∂µpi)3 +
√
1−Xpimρ(pi × aµ)3 + 1
2
gρ[(1−Xpi)pi × (pi × ρµ)
+
√
1−Xpiηpi × aµ +
√
1−Xpiζ pi × ρµ]3 + (ρµν × ρν + aµν × aν)3, (38)
while the contribution from the Nπσω sector reads
JµNpiσ =
1
2
N¯γµ(1 + τ3)N + [Xpi pi × ∂µpi − gρ
√
Xpi(v + σ)pi × aµ + gρXpi pi × (pi × ρµ)]3. (39)
Adding these currents, and noticing that
√
1−Xpimρ = gρv
√
Xpi, we obtain the total EM current
Jµ =
1
2
N¯γµ(1 + τ3)N + [pi × ∂µpi + 1
2
gρ(1 +Xpi)pi × (pi × ρµ)− gρ
√
Xpi σpi × aµ
+ρµν × ρν + aµν × aν +
1
2
gρ
√
1−Xpi ηpi × aµ + 1
2
gρ
√
1−Xpi ζ pi × ρµ]3. (40)
7The nonminimal EM interaction remains the same as in Eq.(18). It describes the interaction with the intrinsic
magnetic moment of the ρ and a1 mesons, which is equal to one in this model. The gyromagnetic ratio for the ρ (a1)
turns out to be 2 in units of e/2mρ (e/2ma). This is analogous to the nonminimal EM interaction in GWS theory
and in QHD-II [1].
Eq.(40) is one of the important results of the paper. It shows the following features. The pion EM current is restored
to its original form (the current of the free pion). Due to a cancellation between the currents, the term proportional
to (pi × aµ) disappears. Therefore there is no aπγ interaction on the tree level. As a result of the diagonalization in
Eq.(11) the ρ meson does not couple directly to the photon, so there is no explicit vector-meson dominance of the EM
interaction. The EM Lagrangian includes the 3-field interactions γNN, γππ, γρρ, γaa, as well as the 4-field interaction
pieces γππρ, γπσa, γρρρ, γρaa, γπaη and γπρζ. The latter vertices are important for the EM gauge invariance of the
amplitudes which will be calculated in Sect. III.
For completeness we present the strong-interaction Lagrangian which follows from Eqs.(19) and (30),
Lstr = L(0)ηζ + L(0)ρa + L(0)Npiσω + LintNpiσω + LintH , (41)
LintNpiσω = −N¯ [gpi(σ + i
√
Xpiγ5τpi) + gργ
µ τ
2
(ρµ + γ5aµ) + gωγ
µωµ]N
−λ(σ2 +Xpipi2)[vσ + 1
4
(σ2 +Xpipi
2)]− 1
2
gρ(1 +Xpi)ρµ(pi × ∂µpi)
+gρ
√
Xpiaµ(pi∂
µσ − σ∂µpi) + 1
2
g2ρ[Xpi(piaµ)
2 + (
√
Xpipi × ρµ − σaµ)2
−2vaµ(
√
Xpipi × ρµ − σaµ)], (42)
LintH =
1
8
g2ρ{(ρ2µ + a2µ)[η2 + ζ2 + 2uη + (1−Xpi)pi2] + 4ρµaµ(u+ η)ζ}
+
1
2
gρ
√
1−Xpi[ρµ(ζ∂µpi − pi∂µζ) + aµ(η∂µpi − pi∂µη)]
−λH
32
[η4 + ζ4 + 4uη3 + 6ηζ2(2u+ η) + (1−Xpi)2pi4
+2(1−Xpi)pi2(η2 + ζ2 + 2uη)]. (43)
The Lagrangian L(0)ρa is given in Eq.(21), where now we have to take the mass of the a1 meson from Eq.(32).
Although the EM current and strong-interaction Lagrangian look somewhat complicated, they contain only simple
vertices with at most one derivative. This greatly simplifies practical calculations. It is seen from Eq.(42) that, apart
from the ρππ coupling, the strength of the coupling to the pion is scaled down by a factor
√
Xpi for each pion field
operator. At the same time the coupling to the pion from the Higgs Lagrangian in Eq.(43) is scaled by a factor√
1−Xpi. It also follows that the ρ-meson coupling to the pion, gρpipi = gρ(1 +Xpi)/2, is not equal to the ρ coupling
to the nucleon, gρNN = gρ. So in this model the ρ does not couple universally to the hadrons.
The presence of the Higgs fields η and ζ may seem as an obstacle. However, as was argued in ref. [9], these fields
serve as regulators in the calculation of loop integrals. By taking the mass mH very large the Higgs contributions
can be suppressed in many cases. We will study this aspect while calculating meson decays and low-energy pion-pion
scattering in the next sections.
It is interesting to note that the EM current in Eq.(40) can be derived in a simpler way, directly from the strong-
interaction Lagrangian in Eq.(41). Indeed, the minimal substitution ∂µ → ∂µ + ieQˆAµ (Qˆ is the charge operator)
applied to all charged fields leads to Eq.(40). At the same time the nonminimal EM interaction in Eq.(18) cannot be
obtained in this way. The EM current satisfies the relation
Jµ = Iµ3 +
1
2
Bµ, (44)
where Iµ3 is the 3d component of the conserved isospin current I
µ, and Bµ is the conserved baryon current. The latter
is Bµ = N¯γµN , while the expression for the former is given by
Iµ =
1
2
N¯γµτN + pi × ∂µpi + 1
2
gρ(1 +Xpi)pi × (pi × ρµ)− gρ
√
Xpi σpi × aµ
+ρµν × ρν + aµν × aν +
1
2
gρ
√
1−Xpi ηpi × aµ + 1
2
gρ
√
1−Xpi ζ pi × ρµ. (45)
8Conservation of the isospin current is a consequence of the symmetry of the strong-interaction Lagrangian in
Eqs.(41-43) with respect to the global SU(2)V isospin transformations. Indeed, it can be readily verified that I
µ in
Eq.(45) is the corresponding Noether current. It also follows from Eqs.(41-43) that the ρ meson is coupled to a source
current Jµρ = −g−1ρ (δ/δρµ) (LintNpiσω+LintH ), which is in general different from Iµ. The source current is closely related
to a current corresponding to the underlying local SU(2)V symmetry, which is “hidden”. This symmetry may be
classified according to ref. [12] as a symmetry of the 2nd kind. A more detailed study of this aspect is beyond the
scope of the present paper. For a related discussion in QHD-II see Appendix D of ref. [1].
III. DECAY OF THE VECTOR AND AXIAL-VECTOR MESONS
First we consider the decay of the mesons which can be obtained on the tree level. These are the decays ρ →
ππ, ρ → ππγ, a1 → πρ, a1 → πσ, and σ → ππ. We will need the general expression for the width of the decay
A(Q)→ B(p) + C(q) in the rest frame of the decaying particle with the mass MA and spin JA
Γ =
|p|
8πM2A
1
(2JA + 1)
∑
spins
|M|2, (46)
where Q, p and q are the corresponding 4-momenta, such that Q = p + q. The 3-momentum of the particles in the
final state is p (q = −p) and the sum runs over the polarizations of all particles. The decay width for the ρ → ππγ
will be discussed below.
We first fix the parameters of the model. In general, the coupling constants (gpi, gρ,gω), the parameters of the
potentials (µ, λ, c, µH , λH), and all the masses can be considered as parameters. There are however many relations
between these parameters: Eq.(22), Eq.(32) and Eq.(33). Simple considerations show that if we choose the masses of
the nucleon, pion, rho, a1, and omega equal to their experimental values, then there remain only four free parameters:
gρ,gω, the poorly known sigma mass mσ, and the unknown mass mH of the Higgs particles. We will fix the coupling
gρ from the ρ→ ππ decay width. It is seen from Eq.(42) that the ρ→ ππ decay is determined by the matrix element
M = gρpipi ǫ(ρ) · (q − p)εijk. The polarization vector of the ρ is denoted by ǫ(ρ), and Latin indices label the charge
states of the mesons. From the experimental width 150.2 MeV one finds gρpipi = 6.04. Taking ma =1.23 GeV [13],
we obtain gρ = 8.68, gpi = 8.49, v = 111 MeV, u/2 = 88.7 MeV, and Xpi = 0.392. Curiously enough, the ratio
gρ/gρpipi = 2/(1 +Xpi) appears to be 1.437, which is close to a factor
√
2 (with a deviation of 1.6%). It follows that
Xpi ≈
√
2− 1 and ma ≈ (1 +
√
2)1/2mρ.
A. Strong decays
The decay a1 → πρ is governed by the matrix element M = − ig2ρv
√
Xpi ǫ(a) · ǫ∗(ρ)εijk , where ǫ(a) [ǫ(ρ)] is the
polarization vector of the a1 (ρ) meson. The a1πρ vertex is simpler than that in GLSM [5, 6], or in the ”massive ”
Yang-Mills approach [2]. Moreover it does not vanish for any invariant mass of the a1. The calculated width of 272
MeV can be compared with the experimental estimate 150 to 361 MeV [13]. In general, this decay is characterized
by the two amplitudes, F and G, defined through M = F ǫ(a) · ǫ∗(ρ) +Gǫ(a) · p ǫ∗(ρ) ·Q. Those in turn define the
S- and D-wave amplitudes [14]
FS =
√
4π
3mρ
[(ερ + 2mρ)F + p
2maG], FD = −
√
8π
3mρ
[(ερ −mρ)F + p2maG] , (47)
where ερ is the energy of the ρ meson in the final state. Since G = 0 in the present model we obtain the D/S ratio
FD/FS = −4.62%, which agrees in sign and order of magnitude with the experimental ratio −10.7±1.6% [13].
The a1 → πσ matrix element, according to Eq.(42), is M = gρ
√
Xpiǫ(a) · (q − p)δik. The corresponding calculated
width comes out 46 MeV and the branching ratio is Γ(a1 → πσ)/Γtot ≈ Γ(a1 → πσ)/[Γ(a1 → πρ) + Γ(a1 → πσ)] ≈
14%. From the branching ratio given by PDG we can estimate the corresponding width as 32 to 147 MeV. Of course
this process is not very well defined, in view of the uncertain status of the σ meson. We used the value 770 MeV for
the mass of the sigma.
Next we address the issue of the width of the σ meson. This subject has been discussed extensively in [6], mainly
because in the linear σ model the width is too large, and sometimes larger than its mass, which makes it difficult to
identify the σ with a particle state. In our model the matrix element of the σ → ππ decay is given by M =−2iλvXpi δij .
Calculation yields Γ = 149 MeV for mσ = 770 MeV, and Γ = 346 MeV for mσ = 1 GeV. If we had used - as is
appropriate in the linear σ model - the values Xpi = 1 and v = fpi, where fpi = 93.2 MeV is the pion weak-decay
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FIG. 1: Diagrams for the ρ0 → pi+pi−γ decay.
constant, then we would indeed have obtained a very large width of 1.391 GeV (3.227 GeV) for mσ = 770 MeV
(mσ = 1 GeV). The width, however, is reduced considerably due to the factor Xpi in the σππ vertex, and to a lesser
extent due to the difference between v and fpi.We should also mention that the vertex, because of its simple structure,
does not vanish for any values of the invariant mass of the σ. The vanishing of the vertex is an undesirable feature of
GLSM, as was pointed out in ref. [7].
B. Electromagnetic decays
1. ρ0 → pi+pi−γ decay
Let us consider the EM decay ρ0(Q)→ π+(q1) + π−(q2)+ γ(k), which can be described by the tree-level amplitude
shown on Fig. 1. The matrix element can be written, using Eq.(40) and Eq.(42), as M = ǫν(ρ)ǫ∗µ(γ)Mµν where
Mµν = egρpipi{ (2q2 + k)
µ(2q1 −Q)ν
2k · q2 +
(2q1 + k)
µ(2q2 −Q)ν
2k · q1 + 2g
µν}. (48)
The last term comes from the γππρ vertex in Eq.(40). The total amplitude is gauge invariant, kµM
µν = 0. Calculation
of the decay width involves integration over invariant masses of the pairs of particles in the final state,
Γ =
1
(2π)332m3ρ
∫ m2
ρ
4m2
pi
dm2pipi
∫ m2
max
m2
min
dm2γpi
1
3
∑
spins
|M|2. (49)
The limits in the integral over m2γpi are m
2
max/min = m
2
pi + 2k
∗(E∗ ± q∗), where k∗, E∗ and q∗ are respectively the
photon momentum, pion energy and pion momentum in the rest frame of the π − π system,
k∗ =
m2ρ −m2pipi
2mpipi
, E∗ =
1
2
mpipi, q
∗ = (E∗2 −m2pi)1/2 . (50)
The sum and average over polarizations is most easily evaluated in the system where the OZ axis is along the photon
3-momentum k. We obtain
1
3
∑
spins
|M|2 = 4
3
e2g2ρpipi
{
2 +
q22q
2
1T
(k · q1)2 +
q21q
2
2T
(k · q2)2
+2q1T · q2T
[
q1 · q2
(k · q1)(k · q2) −
1
k · q1 −
1
k · q2
]}
, (51)
where q1T ,q2T are the components of the pion momenta orthogonal to the OZ axis, e.g. q1T = q1 − k(q1 · k)/k2.
The decay ρ0 → π+π−γ includes the bremsstrahlung from the charged pions and is infrared divergent at small
photon energies. Experimentally a cut-off is introduced while measuring the decay width, namely k > kmin. This
means that in the integral in Eq.(49) the invariant mass (squared) of the π−π pair has an upper limit m2ρ−2mρkmin.
The value of the integral in Eq.(49) depends strongly on kmin. For kmin = 50 MeV we obtain Γ = 1.73 MeV, while
for kmin = 60 MeV we get Γ = 1.49 MeV. The PDG review [13] gives the value 1.487±0.240 MeV for the photon
energies above 50 MeV.
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FIG. 2: Diagrams for a+ → pi+γ decay at the one-loop level. The intermediate propagators labeledm1,m2, m3 refer to particles
as defined in Table I. Depending on the intermediate state j, the contact diagrams have the structure (b) for j = 1, 2, 4, 6, 7
and the structure (b′) for j = 3, 5, 9, 10. For j = 8 there is no contact diagram.
TABLE I: Intermediate particles in the loop diagrams indicated in Fig. 2.
j 1 2 3 4 5 6 7 8 9 10
m1 pi ρ pi a pi a ρ N ρ a
m2 ρ pi σ σ η η ζ N a ρ
m3 pi ρ pi a pi a ρ N ρ a
2. a+1 → pi
+γ decay
Next we consider the EM decay a+1 (Q) → π+(p) + γ(q). There is no contribution to the matrix element on the
tree level, and we have to include at least the one-loop processes shown in Fig. 2 (see also Table I).
These contributions can be obtained by attaching the photon line to the lines of the charged particles in the mixed
self-energy operator Σapi(Q), and by adding diagrams coming from the contact terms in the current (40). Each
one-loop diagram for Σapi(Q) gives rise to four diagrams [labeled (a),(b),(c),(d) in Fig. 2] for the EM process. The
amplitude can be written as a sum
M =
10∑
j=1
Mj =
10∑
j=1
ǫν(a)ǫ
∗
µ(γ) M
µν
j , (52)
where j labels the intermediate state in the loop, namely j = (π+ρ0), (π0ρ+), (π+σ), (a+σ), (π+η), (a+η), (ρ+ζ),
(pn¯), (ρ+a0), and (ρ0a+). Note that in the present study, because of the technical complexity, the diagrams with
j = 9 and j = 10 (containing at least two vector or axial-vector propagators in the loop) are not included. Calculation
of the amplitudes is cumbersome and we refer to Appendix B for details. However, some features of the calculation
are worth mentioning here.
i) Each amplitude Mµνj is gauge invariant and has the structure
Mµνj = (g
µν − Q
µqν
Q · q )Tj, (53)
where the Tj are Lorentz scalars. This serves as an important check of the calculation. The contact terms
γππρ, γπσa, γρaa, γπaη and γπρζ in Eq.(40) are crucial to ensure this property.
ii) The diagrams with the bremsstrahlung from the final pion [labeled (d) in Fig. 2] do not contribute to the
matrix element for the on-mass-shell a1 meson. Indeed, the polarization vector of the a1 meson satisfies the relation
ǫ(a) ·Q = 0. It is easy to check that the matrix element corresponding to these diagrams is in each case proportional
to Qν , and therefore vanishes when multiplied by ǫν(a).
iii) Some of the diagrams on Fig. 2 are divergent. However, the divergent terms from the different diagrams in any
Mµνj cancel, and the total amplitude is finite. The calculations are done in the unitary gauge using the method of
dimensional regularization (see Appendix B), in which the cancellation of divergencies is explicitly verified.
iv) The diagrams with j = 5, 6, 7 in Fig. 2 contain intermediate Higgs mesons η and ζ. If one takes the mass mH
of these mesons very large the amplitudes remain finite and correspond to a contact-like γπa Lagrangian
Lcont(γπa) = h(∂µAν − ∂νAµ)(pi × ∂µaν)3 (54)
where h = −(4π)−2eg2ρ(1−Xpi)1/2/(3mρ).
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TABLE II: Contribution of different diagrams on Fig. 2 to the a+ → pi+γ decay width. Values are given in KeV.
Intermediate state in the diagrams ma = 1.23 GeV ma = 1.089 GeV Experiment [13]
pi+ρ0 469 330
pi+ρ0 + pi0ρ+ 187 89
pi+ρ0 + pi0ρ+ + pi+σ 211 104
pi+ρ0 + pi0ρ+ + pi+σ + a+σ 845 434
pi+ρ0 + pi0ρ+ + pi+σ + a+σ+
+ [pi+η + a+η + ρ+ζ] 646 345
pi+ρ0 + pi0ρ+ + pi+σ + a+σ+
+ [pi+η + a+η + ρ+ζ] + pn¯ 412 192 640±246
v) The amplitudes Mµνj for j = 1, 2, 3 have both real and imaginary parts, because the masses of the intermediate
particles in these diagrams satisfy the condition m1 +m2 < ma. The amplitudes M
µν
j for j = 4, ..., 10 are real.
vi) The most complicated diagrams are those involving the EM vertex of the ρ and a1 mesons. The vertex for the
γρρ (or γaa) has the form
Γµνλ(q, r, p) = e{gλν(r − p)µ − gµνrλ + gλµpν + (gµνqλ − gµλqν)}δij
= e{gλν(r − p)µ + gµν(q − r)λ + gλµ(p− q)ν}δij , (55)
where q is the momentum of the photon (with the Lorentz index µ), p and r are the momenta of the ρ (with the
Lorentz indices λ and ν), and p+ q + r = 0. In the first line we explicitly separated the minimal EM interaction and
coupling to the intrinsic magnetic moment of the mesons.
vii) In the rest frame of the meson a1, where Q
ν = (ma,0), one can use the additional relation Q · ǫ(γ) = 0, as the
photon polarization vectors have only space-like components. Therefore in the general structure of the amplitude of
Eq.(53), only the term proportional to gµν contributes.
The width of the a+1 → π+γ decay is expressed in terms of the Tj as follows
Γ =
|p|
8πm2a
2
3
∣∣∣∣∣∣
10∑
j=1
Tj
∣∣∣∣∣∣
2
. (56)
The results of the calculation are presented in Table II.
Calculations were performed with two values of the a1-meson mass: 1.23 GeV [13], and
√
2mρ = 1.089 GeV. The
latter value is often discussed in the literature [2, 15, 16]. One notices from Table II that the different amplitudes
strongly interfere. For example, the π+ρ0 and π0ρ+ amplitudes almost cancel each other. A substantial contribution
comes from the a+σ loop (j = 4), due to the large value of the constant in front of the integral. There is a dependence
on the σ mass, but it is weak. We used here mσ = 770 MeV. The diagrams in Fig. 2 containing the intermediate Higgs
mesons give a relatively small contribution, as can be seen from the sixth row in Table II. The NN¯ diagrams (j = 8)
by themselves would give a small contribution. However, due to the interference with other diagrams, their effect
becomes sizeable. On the whole, the calculation with ma = 1.23 GeV yields a width in agreement with experiment.
Note however that the diagrams with j = 9 and j = 10 were not included.
3. ρ+ → pi+γ decay
The diagram contributing to the ρ+(Q)→ π+(p) + γ(q) decay on the one-loop level is shown in Fig. 3. The matrix
element for this process, like for any anomalous decay, has the structure [11] (Ch.19.3): M = εµνλσǫ∗µ(γ)ǫν(ρ)Qλqσ/(Q·
q)T, where εµνλσ is the Levi-Civita antisymmetric tensor, and T depends on the coupling constants and masses of
the particles. The one-loop integral corresponding to Fig. 3 converges, and using standard methods we obtain (see
Appendix B)
T = (4π)−22egρgpimN
√
Xpi
∫ 1
0
log
[
m2N −m2ρx(1 − x)
m2N −m2pix(1 − x)
]
dx
1− x. (57)
The calculated decay width is 55 KeV, while the PDG [13] quotes the value 68±7 KeV. In view of the simple
mechanism assumed for this decay we consider the agreement between the calculation and experiment satisfactory
[28]. It is worthwhile to mention that the factor gpigρ
√
Xpi, which defines the magnitude of the matrix element, is
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FIG. 3: One-loop diagram corresponding to ρ+ → pi+γ decay.
TABLE III: Widths of strong and electromagnetic decay of mesons. Calculations are performed with two masses of the σ
meson: m
(a)
σ = 770 MeV and m
(b)
σ = 1 GeV. Experimental values are from [13].
Meson decay ma = 1.230 GeV ma = 1.089 GeV Ref. [6] Ref. [2] Experiment
m
(a)
σ m
(b)
σ m
(a)
σ m
(b)
σ
a1 → piρ [MeV] 272 272 163 163 483 360 150 to 361
D/S ratio [%] -4.6 -4.6 -2.3 -2.3 7.8 -10.7±1.6
a1 → piσ [MeV] 46 4.7 21 - 32 to 147
Γ(a1 → piσ)/Γtot [%] ≈ 14 ≈ 1.7 ≈ 11 - 18.76±4.29±1.48
σ → pipi [MeV] 149 346 325 753 373
ρ0 → pi+pi−γ [MeV]:
(kmin = 50 MeV) 1.73 1.73 1.73 1.73 1.487±0.240
(kmin = 60 MeV) 1.49 1.49 1.49 1.49
a+1 → pi
+γ [KeV] 412 411 192 180 670 300 640±246
ρ+ → pi+γ [KeV] 55 55 81 81 80 68 ±7
considerably smaller than one would get using the conventional values for the couplings. For example, with the typical
values gpi = 13.0, gρ = 6.04 (and Xpi = 1) the width would increase to 160 KeV.
All calculated decay widths are collected in Table III, where they are compared with experimental values [13].
We also included in Table III the results [6] obtained in a version of GLSM with massive ρ and a1 mesons, where
several additional terms were introduced. In particular, the a+1 → π+γ decay in [6] appears on the tree level due to
the introduction of dimension-6 operators in the Lagrangian. Some results in the non-linear realization of the chiral
symmetry (hidden symmetry approach) from ref. [2](Ch.3) are shown in the 7th column.
IV. pi − pi SCATTERING AT LOW ENERGIES
Pion-pion scattering is a process where one can test the strong-interaction Lagrangian. Let us first analyze the
terms in the Lagrangian in Eqs.(42) and (43) which are relevant for the π − π scattering on the tree level:
∆L = −λXpipi2(vσ + 1
4
Xpipi
2)− 1
2
gρ(1 +Xpi)ρµ(pi × ∂µpi)
−λH
8
(1−Xpi)pi2[uη + 1
4
(1−Xpi)pi2]. (58)
This Lagrangian has several unusual features. Firstly, the σππ interaction and the related π4 interaction, coming from
the first term in Eq.(58), are suppressed by the factors Xpi and X
2
pi respectively. This will lead to a suppression of
the corresponding amplitude by the factor X2pi ≈ 0.15. Secondly, the ρ-meson exchange is determined by the coupling
gρpipi = gρ(1+Xpi)/2 which is fixed from the ρ→ ππ decay. Thirdly, the last term, containing ηππ and π4 interactions,
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has a coupling λH which rises with the Higgs mass mH (see Eq.(22)). At first sight this leads to a divergence of
the tree-level amplitude in the limit mH → ∞, and it seems unlikely that the Lagrangian (58) can give reasonable
predictions for π − π scattering. In this section we will study this issue by calculating the low-energy scattering
parameters for the S− and P−waves.
The formalism of π − π scattering has been considered in many references (see, e.g. [6, 17]), and we briefly recall
the basic relations. The scattering amplitude for the reaction πi + πj → πk + πl can be written as
Mij,kl = M(s, t, u)δijδkl +M(t, s, u)δikδjl +M(u, t, s)δilδjk, (59)
where i, j, k, l label the charge states of the pions, and s, t, u are the conventional Mandelstam variables. One also
defines the amplitudes M (I) with total isospin I = 0, 1, 2 :
M (0) = 3M(s, t, u) +M (2), M (1) =M(t, s, u)−M(u, t, s),
M (2) = M(t, s, u) +M(u, t, s). (60)
The amplitude in a channel with fixed isospin is expanded in partial waves,
M (I) = 32π
∞∑
l=0
(2l + 1)Pl(cos θ)t
(I)
l (s), (61)
where Pl(cos θ) is the Legendre polynomial and θ is the scattering angle. The partial-wave amplitude t
(I)
l (s) can be
approximated at small center-of-mass (CM) momentum |q| = (s/4−m2pi)1/2 as follows,
Re t
(I)
l (s) ≈
q2l
m2lpi
[a
(I)
l + b
(I)
l
q2
m2pi
+O( q
4
m4pi
)]. (62)
In order to find the scattering lengths a
(I)
l and effective ranges b
(I)
l one has to expand the amplitudes in Eq.(60)
around q2 = 0, using the definition of the invariants in the CM frame
s = 4(m2pi + q
2), t = −2q2(1− cos θ), u = −2q2(1 + cos θ). (63)
We now show that the Higgs part of the Lagrangian (last term in Eq.(58)) gives a finite contribution to M(s, t, u).
The η exchange and π4 interaction lead to the amplitude
Mη(s, t, u) =
(
−λH
4
+
1
16
λ2Hu
2
m2H − s
)
(1 −Xpi)2 =
g2ρ(1 −Xpi)2
4m2ρ
s
(1− s/m2H)
, (64)
where we made use of λHu
2 = 4m2H , which follows from Eqs.(22). It is clear that the couplings in the η exchange and
the contact π4 diagram are tuned in such a way that the sum remains finite at large mH .
It is straightforward to obtain from Eq.(58) the amplitudes corresponding to σ exchange, with the associated π4
term, and ρ exchange,
Mσ(s, t, u) +Mρ(s, t, u) = −2λX2pi
m2pi − s
m2σ − s
+ g2ρpipi
(
s− u
m2ρ − t
+
s− t
m2ρ − u
)
. (65)
The total amplitude is M(s, t, u) =Mη(s, t, u)+Mσ(s, t, u)+Mρ(s, t, u). The other amplitudes in Eq.(59) are obtained
by interchanging t←→ s, or u←→ s. As expected, the σ contribution in Eq.(65) is multiplied by X2pi which strongly
reduces the effect of the σ meson in π− π scattering. The low-energy parameters can be found by expanding Eq.(64)
and (65) in powers of q2, using the definitions (61),(63), and comparing the results with Eq.(62). The calculated
coefficients a
(I)
l and b
(I)
l are presented in Table IV.
It is seen from Table IV that the scattering length a
(0)
0 is described fairly well. The other parameters, however, are
overpredicted by a factor of 1.5÷2. The ρ meson gives the dominant contribution (compare the 2nd and 4th rows),
while the contribution of the Higgs meson is small (see the 2nd and 3d rows). In the 6th row we show parameters
obtained with the soft-pion amplitude MSPA(s, t, u) = (s −m2pi) /f2pi from ref. [21], which is based on PCAC and
current commutation relations. Our amplitude will reduce to MSPA(s, t, u) if gρ = 0 and m
2
σ ≫ m2pi. We also show
results of the ChPT calculations: [22], where only pions are included and [17], where resonances are added.
Comparison with the experiment indicates that the effect of the ρ meson is overemphasized in the present model.
In this connection we compare the ρ-exchange amplitude in Eq.(65) with the corresponding amplitude by Bernard et
14
TABLE IV: Low-energy parameters for pi− pi scattering. The σ-meson mass is 770 MeV, and the a1-meson mass is 1.23 GeV.
Model a
(0)
0 b
(0)
0 a
(2)
0 b
(2)
0 a
(1)
1
Present model: σ + ρ + η 0.238 0.319 -0.100 -0.155 0.061
– only σ + ρ 0.210 0.301 -0.100 -0.146 0.057
– only ρ 0.191 0.273 -0.095 -0.137 0.055
– with form factor for ρ exchange 0.160 0.200 -0.061 -0.097 0.040
(Λ = 1.6 GeV)
Soft-pion amplitude [21] 0.159 0.182 -0.045 -0.091 0.030
ChPT (only pions) [22] 0.20 0.24 -0.042 -0.075 0.037
ChPT (pions and resonances) [17] 0.21 -0.043 0.038
Experiment [18, 19] 0.26±0.05 0.25±0.03 -0.028±0.012 -0.082±0.008 0.038±0.002
Experiment [20] 0.20±0.01 -0.037±0.004
al. [Eq.(3.14) in ref. [17]]. One of the differences is that in [17] the propagator of the vector meson (to be exact, the
part contributing for on-shell pions) is modified according to
1
m2ρ − t
−→ t
m2ρ(m
2
ρ − t)
=
1
m2ρ − t
− 1
m2ρ
, (66)
which coincides with Weinberg’s suggestion [23] based on chiral-symmetry arguments. Such a modification strongly
reduces the effect of the ρ meson at low energies. In the present model however there is no compensating term of the
form [23] ∼ (pi×∂µpi)2 which would lead to Eq.(66). Using the ππρ interaction with more derivatives, as is advocated
in ref. [17], would also be inconsistent with the Lagrangian (42). Besides, the calculation shows that the effect of the
ρ meson cannot be eliminated completely as would follow from Eq.(66), since the σ contribution in itself is by far too
small. One of the mechanisms which can partly reduce the ρ contribution is the dependence of the ρππ vertex on
the invariant mass of the ρ. One may assume that gρpipi(t) = gρpipiFρpipi(t) with a form factor normalized to unity at
t = m2ρ. The typical form often used in phenomenological models is Fρpipi(t) = (Λ
2−m2ρ)/(Λ2− t), where Λ is a cut-off
parameter. Choosing the value Λ = 1.6 GeV [24] we obtain a considerable reduction of the low-energy parameters
(see Table IV, the 5th row). Of course this is only one plausible argument which may explain the unsatisfactory
description of low-energy π− π scattering on the tree level. Besides the form factor, other higher-order corrections to
the amplitude would have to be consistently included. This issue will be studied elsewhere.
V. DISCUSSION AND CONCLUSIONS
In the previous sections we have presented the results of calculations in the framework of a new representation of
QHD-III [10]. An advantage of this new form, compared to the original formulation [9], is that only simple vertices
with at most one derivative appear in the Lagrangian. As a result the calculations are simpler, and more importantly,
the strong-interaction vertices describing the decay of the mesons do not vanish at any values of the meson invariant
mass. A comparison with experiment (Table III) shows that most of the decay widths are reasonably described. This
was not anticipated in view of the fact that practically no free parameters were used in the calculations. In fact, only
the coupling gρ was fixed from the ρ → ππ decay. The masses of the nucleon, pion, rho and a1 mesons were taken
from the latest PDG review [13].
The mass of the σ meson was chosen equal to the mass of the ρ, i.e. mσ = mρ = 770 MeV, in line with ref. [16] where
the σ is supposed to be degenerate with the ρ. With this mass the calculated width for the a1 → πσ decay, 46 MeV,
is surprisingly close to the value predicted in [16]: Γ(a1 → πσ) = Γ(ρ → ππ) /
√
8 ≈ 50 MeV. In some calculations
we use the value mσ = 1 GeV. As a result the widths of the a1 → πσ and σ → ππ decays change considerably due
to a change of the available phase space. The other observables are not sensitive to the σ mass. Calculations were
also performed with the value ma =
√
2mρ = 1.089 GeV, which is based on different arguments [15, 16]. However,
agreement with experiment is better with the PDG value ma = 1.23 GeV. As a curious observation we mention that
this value approximately obeys the relation ma ≈ (1 +
√
2)1/2mρ within a 3% accuracy. This relation also implies
that gρ/gρpipi = 2m
2
a/(m
2
a +m
2
ρ), i.e. the ratio of the ρ couplings to the nucleon and the pion, is very close to
√
2.
The EM decay ρ0 → π+π−γ is described by the two-step tree-level amplitude supplemented by a contact diagram.
The latter comes from the γππρ vertex in the EM current (39) and guarantees the EM gauge invariance. The decay
is mainly determined by the ρππ coupling and is not sensitive to other ingredients of the model. The decay a+1 → π+γ
is a more informative process. As there is no direct aπγ coupling the process is described by many one-loop diagrams
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which strongly interfere. The total amplitude of a+1 → π+γ comes out finite despite the divergence of the separate
diagrams. Since the Lagrangian was obtained in the unitary gauge, the propagator of the vector mesons includes
the longitudinal component kµkν/m2. The latter gives rise to a quadratic divergence, ∼ Γ(1 − d/2), but due to the
EM gauge invariance these divergences from different diagrams cancel. Furthermore, the logarithmic divergences,
∼ Γ(2− d/2), cancel as well.
The Higgs mesons, η and ζ, play the role of auxiliary particles in this model. According to ref. [9] these mesons serve
as regulators and should have minimal effect on the low-energy predictions. They do not appear in the initial and final
states, but may contribute as intermediate particles. For instance, the η and ζ appear in one-loop diagrams for the
a+1 → π+γ decay. In the diagrams with intermediate π+η state, the ππη coupling in Eq.(43) increases proportionally
to m2H . However, due to the presence of the η propagator this contribution stays finite. The situation is different in
the diagrams with an intermediate a+η and ρ+ζ, where the vertices aaη and aρζ are independent ofmH . Nevertheless
the amplitudes do not vanish in the limit mH →∞, as one would naively expect by taking the limit of the propagator
in the loop integrand. This is because the longitudinal component of the vector meson propagator leads to divergent
integrals; the correct procedure is to take the limit mH → ∞ after the loop integration, and leads to a nonzero
contribution. At mH →∞ the total amplitude corresponding to the above processes involving Higgs mesons takes a
form equivalent to an effective aπγ Lagrangian. Numerically its contribution to the a+1 → π+γ decay turns out to be
relatively small.
In processes where η and ζ appear on the tree level the amplitude may diverge at mH →∞, if there are more ππη
vertices than the η propagators. Using the π − π scattering as an example we demonstrated that this is not the case.
In this reaction there is the η-exchange diagram which at first sight behaves as m2H . However there is a compensating
π4 vertex in the Lagrangian (43). The couplings in the η exchange and π4 contact diagrams are tuned in such a way
that the sum remains finite. This mechanism of cancellation is similar to that in the linear sigma model, in which the
amplitude given by the σ exchange and the π4 vertex does not diverge in the limit mσ → ∞, but rather takes the
value dictated by the soft-pion amplitude [21]. The contribution of the η exchange and the associated π4 term at low
energies is small.
The pion interaction with hadrons in the model is scaled down by the factor
√
Xpi = mρ/ma (with the exception
of the ππρ, ππρρ and ππaa vertices). This influences the matrix elements of the meson decays, and in most cases
improves agreement with experiment. The factor mρ/ma also leads to a reduction of the σ → ππ decay width. For
example, compared to the linear sigma model the width is reduced by almost an order of magnitude. Therefore the
width comes out smaller than the σ mass [of the order of 150 (350) MeV formσ =0.77 (1.0) GeV] which may be helpful
in identifying the σ with the scalar-isoscalar state around 1 GeV [13]. At the same time the effect of the σ in π − π
scattering is also diminished. Our calculation shows that the σ contribution to the low-energy parameters becomes
very small, and the dominant contribution comes from the ρ exchange. The agreement between the calculation
and experiment is not very impressive compared to, for example, ChPT calculations. The scattering length in the
I = 0, l = 0 channel is described quite well, but the other calculated parameters overestimate the experiment. This
deficiency may be related to the tree-level approximation. We included a form factor in the ππρ vertex, similarly to
what is often done in phenomenological models. This is one of the effects which contribute beyond the tree level. In
this way the ρ contribution is reduced and the agreement is improved, but other higher-order corrections need to be
consistently taken into account before definite conclusions can be drawn.
In this paper we focused on the meson properties and left out the nucleon sector. Inclusion of the latter can also be
an important test of the model, especially because the nucleon-pion vertex is reduced. At this point we would like to
mention that we did not include an additional baryon, the cascade Ξ = (Ξ0,Ξ−) with the hypercharge YΞ = −1. This
isodoublet was added in [9] to cure the problem with the chiral anomaly and render the theory renormalizable. The
chiral anomaly in QHD-III will show up when the isoscalar ω meson couples to the baryon loop with other two isovector
vertices, one of which contains γ5. Such processes were not considered here. The anomaly may however be important
in the EM decay ρ+ → π+γ considered in Sect. III B 3. If we added the loop with the cascade then the calculated
width would change, though we did not include this effect. It seems logical first to extend the SU(2)R × SU(2)L
model to the strange sector, as for example, was done in ref. [5] for GLSM. The extension to SU(3)R×SU(3)L would
allow one to include along with Ξ the other strange hadrons, like Λ,Σ and K.
In conclusion, we applied chiral quantum hadrodynamics (QHD-III) [9] in the calculation of some properties of the
mesons. First we included electromagnetic interaction by extending the symmetry to the local U(1)×SU(2)R×SU(2)L
group. This allowed us to obtain consistently the minimal and nonminimal contributions to the electromagnetic
interaction in an arbitrary gauge. After an appropriate diagonalization and fixing the gauge the Lagrangian is
obtained in terms of the physical pion field. We calculated the strong and EM decays of the vector and axial-vector
mesons, a1 → πρ, a1 → πσ, ρ0 → π+π−γ, a+1 → π+γ, ρ+ → π+γ, and addressed the issue of the width of the σ
meson. For the a+1 → π+γ decay some loop diagrams are not yet included, and a more complete analysis is reserved
for future work. Most of the calculated decay widths are in reasonable agreement with experiment [13]. The only free
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parameter used in calculations is the mass of the σ meson, although most of the results were not sensitive to mσ.
We studied the effect of auxiliary Higgs bosons of QHD-III in the a+1 → π+γ decay and π − π scattering. The
contribution of these particles to the amplitude, both on the tree level and in the one-loop diagrams, turns out to be
finite and small in the limit mH →∞. This goes in line with the viewpoint of ref. [9] on the role of η and ζ mesons
in low-energy hadron physics.
Our exploratory study shows that QHD-III in the representation of ref.[10] can describe some features of meson
phenomenology in the non-strange sector. There are many interesting issues which can be further addressed, such as
an extension of calculations to the baryon sector (π − N scattering and nucleon form factors), a clarification of the
role of the cascade Ξ and inclusion of the other strange hadrons. Finally, applications to the many-body sector, i.e.
nuclear matter and finite nuclei, may be considered. As was shown in ref. [25] (see also [3], sect. 3A), the linear sigma
model, when applied to finite nuclei on the mean-field level, has some deficiencies. The present model is much richer
and differs in several respects, such as the presence of additional particles and vertices, and a considerable suppression
of the pseudo-scalar pion-nucleon coupling. Detailed calculation will help to assess the applicability of the model to
the many-body sector.
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APPENDIX A: DERIVATION OF THE LAGRANGIAN IN THE HIGGS SECTOR IN AN ARBITRARY
GAUGE
The most complicated part of the Higgs Lagrangian are the terms with the covariant derivatives. For the right
field, for example, such a term can be written in the form
(DµΦR)
†(DµΦR) =
1
4
(
0 1
)
[Y1 · Y1 + Y2 · Y2 + Y3 · Y˜3 − Y1 · (Y3 + Y˜3) + i(Y2 · Y˜3 − Y3 · Y2)]
(
0
1
)
, (A1)
where the operators Y1, Y2, Y3 and Y˜3 are defined as
Y µ1 = (∂
µη + ∂µζ), Y µ2 = τ (∂
µH+ ∂µZ) +
1
2
(u+ η + ζ)Y µ4 ,
Y µ3 =
1
2
τ (H+ Z)Y µ4 , Y˜
µ
3 =
1
2
Y µ4 τ (H+ Z),
Y µ4 = g
′
ρτ (ρ
′µ + aµ) + e′A′µ ≈ gρτ (ρµ + aµ) + eAµ(1 + τ3), (A2)
and the notation X · Y = XµY µ is used. The similar term for the field ΦL can be obtained from the above formulas
by changing ζ → −ζ, Z→ −Z and aµ → −aµ. The potential VH in Eq.(3) is chosen such that λH > 0 and µ2H > 0,
thus allowing for SSB of the global gauge invariance [9]. From the condition that the term linear in η must be absent,
the VEV u can be found. The fields η and ζ acquire a mass mH , whereas H and Z remain massless, indicating that
these are the Goldstone bosons.
Calculation of the matrix elements in Eq.(A1) leads to the EM current in Eq.(16) and (17). The strong Lagrangian
consists of the free Lagrangians in Eqs.(20-21), the mixing term in Eq.(19), and the interaction Lagrangian
LintH =
1
8
g2ρ{(ρ2µ + a2µ)(η2 + ζ2 +H2 + Z2 + 2uη) + 4ρµaµ[(u + η)ζ +HZ]}
+
1
2
gρ[ρµ(η∂
µH−H∂µη + ζ∂µZ− Z∂µζ −H× ∂µH− Z× ∂µZ) + aµ(η∂µZ− Z∂µη
+ζ∂µH−H∂µζ −H× ∂µZ− Z× ∂µH)]− vH(η, ζ,H,Z) , (A3)
where the remaining piece of the potential is
vH(η, ζ,H,Z) =
λH
32
[η4 + ζ4 + 4uη3 + 6ηζ2(2u+ η) +H4 + Z4 + 2H2Z2
+4(HZ)2 + 2(H2 + Z2)(η2 + ζ2 + 2uη) + 8(u+ η)ζHZ] . (A4)
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Eqs.(A3-A4) will reduce to the Lagrangian of QHD-III [9] if we take H = Z = 0.
The interaction Lagrangian of GLSM from Sect. II B follows from Eqs.(23) - (26) after we define the σ field through
φ = v + σ , where the VEV v can be fixed from the minimum of the potential, λv3 − µ2v − c = 0. The Lagrangian
has the form
LintNpiσω = −N¯ [gpi(σ + iγ5τpi) + gργµ
τ
2
(ρµ + γ5aµ) + gωγ
µωµ]N
+gρ[aµ(pi∂
µσ − σ∂µpi)− ρµ(pi × ∂µpi)− gρvaµ(pi × ρµ − σaµ)]
+
1
2
g2ρ[(aµpi)
2 + (pi × ρµ − σaµ)2]− λ(σ2 + pi2)[vσ +
1
4
(σ2 + pi2)] . (A5)
APPENDIX B: EVALUATION OF LOOP INTEGRALS
Let us consider the amplitudes for a+1 → π+γ decay with an intermediate (π+ρ0) state, corresponding to diagrams
in Fig. 2 with j = 1. We introduce the following notation:
Dk = k
2 −m2ρ, dk+Q = (k +Q)2 −m2pi, dk+p = (k + p)2 −m2pi (B1)
with Q2 = m2a, p
2 = m2pi and q
2 = 0. The amplitude labeled (a) in Fig. 2 has an integrand proportional to
Mµν1a =⇒ (2k + 2Q− q)µ(2p+ k)σ(gνσ −
kνkσ
m2ρ
)
1
Dk dk+Q dk+p
=⇒ 2(k +Q)
µ
Dk dk+Q
[
kν
m2ρ
− (2p+ k)
ν
dk+p
]
. (B2)
The terms proportional to Qν and qµ are omitted hereafter because of the relations Q · ǫ(a) = 0 and q · ǫ(γ) = 0. The
diagram (b) in Fig. 2 has an integrand
Mµν1b =⇒
2
Dk dk+Q
(
gµν − k
µkν
m2ρ
)
. (B3)
For the diagram (c) with photon bremsstrahlung off the a1 meson we obtain after some algebra,
Mµν1c =⇒
1
q ·QDk
[
Qµ(k − 2q)ν + (k + 2Q)µqν − gµνq · (2Q+ k)
dk+p
−Q
µkν + kµqν − gµνq · k
m2ρ
]
. (B4)
Similarly we find for the diagram (d) in Fig. 2 with bremsstrahlung off the pion,
Mµν1d =⇒
Qµkν
Dk
(
1
q ·Q m2ρ
− 1
q ·Q dk+Q −
2
m2ρ dk+Q
)
. (B5)
In the chosen unitary gauge the propagator of the vector meson includes three space-like polarization states. We
notice that the most divergent terms proportional to m−2ρ , which come from the longitudinal component of the ρ
propagator, cancel. The term ∼ (kµqν − gµνq · k)/Dk that remains in Eq.(B4) is equal to zero after integration over
k. Further, it is straightforward to check that the sum of the four diagrams does not depend on the photon gauge,
i.e. qµ(M
µν
1a +M
µν
1b +M
µν
1c +M
µν
1d ) = 0.
To evaluate the integrals we apply the method of dimensional regularization (see, e.g. [11], App.A). Using the
Feynman parametrization and integrating over k in d-dimensional space-time we obtain
Mµν1 = 2ifg
µν Γ(2 − d/2)
(4π)d/2
{
−1
2
∫ 1
0
du1
∫ 1−u1
0
du2∆
d/2−2
1
+
∫ 1
0
du[∆
d/2−2
2 − (1−
u
2
)∆
d/2−2
3 ]
}
, (B6)
where the constant f reads f = −ieg3ρv
√
Xpi(1 + Xpi)/2. The expressions for ∆1,∆2,∆3 will be specified below.
We kept in Eq.(B6) only the gµν part because of the condition Q · ǫ(γ) = 0 (in the rest frame of a1). Since
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the Gamma-function Γ(2 − d/2) has a pole at d = 4 we have to verify that the expression in the curly brackets
vanishes at d = 4. Using the expansions near d = 4 [11]: ∆d/2−2 = 1 + (d/2 − 2) log∆ + O((d/2 − 2)2) and
Γ(2− d/2) = 2/(4− d)− γE +O(d/2 − 2), we find that the pole term drops out because of the relation
− 1
2
∫ 1
0
du1
∫ 1−u1
0
du2 +
∫ 1
0
du[1− (1− u
2
)] = 0 . (B7)
The residue gives the amplitude
Mµν1 = ifg
µν(4π)−2
{∫ 1
0
∫ 1
0
log ∆1(x, y) dxdy +
∫ 1
0
[(2− x) log∆3(x) − 2 log ∆2(x)]dx
}
, (B8)
where the integration variables u1, u2 have been changed to x, y defined such that u1 = xy, u2 = x(1 − y). In the
above formulas γE ≈ 0.5772 is the Euler-Mascheroni constant and
∆1(x, y) = ∆3(x)− (m2a −m2pi)x(1 − x)y, ∆3(x) = m2ρ(1− x) +m2pix2,
∆2(x) = −m2ax(1 − x) +m2ρ(1 − x) +m2pix. (B9)
The argument of the logarithm can formally be made dimensionless by changing log∆i → log(∆i/Λ2), where Λ is a
mass-scale parameter. This will not affect the amplitude, due to (B7). Expression (B8) can be further simplified by
carrying out the integration over y.
The NN¯ -loop amplitudes [j = 8 in Fig. 2] require a trace calculation, for example,
Mµν8a =⇒
Tr[(k/+ p/+mN )γ
µ(k/+Q/+mN )γ
νγ5(k/+mN )γ5]
Dk Dk+QDk+p
=⇒ 4mN
[
gµνq · (2k +Q)− (2k +Q)µqν
Dk Dk+QDk+p
− g
µν
Dk Dk+p
]
, (B10)
where Dk = k
2 −m2N , Dk+Q = (k +Q)2 −m2N , and Dk+p = (k + p)2 −m2N . The (c) amplitude in Fig. 2 reads
Mµν8c =⇒ 4mN
gµν
Dk Dk+p
. (B11)
This amplitude cancels the divergent and EM gauge noninvariant piece ofMµν8a . Finally, the amplitudeM
µν
8d (radiation
from the pion line) is zero, being proportional to Qν .
An important observation is the cancellation of divergent terms between different diagrams. This, together with the
EM gauge invariance, helps in evaluating the other diagrams in Fig. 2. Most of these diagrams are calculated similarly
to Mµν1 while others, where the photon couples to a vector meson in the loop, are more algebraically involved.
After this general consideration we present expressions for the amplitudes corresponding to the diagrams in Fig. 2
with j = 1, ..., 8. For the π − ρ loops (j = 1, 2) we obtain
T1 = C1{−1
2
−
∫ 1
0
log
∆2(x)
∆3(x)
[2− x+ ∆3(x)
M2(1− x) ] dx}, (B12)
T2 = C2{1
2
+
∫ 1
0
log
∆2(x)
∆3(x)
[x− 3 + 1
x
(
∆3(x)
M2
+ 2)] dx}, (B13)
∆2(x) = m
2
pix+m
2
ρ(1− x)−m2ax(1 − x), ∆3(x) = m2pix2 +m2ρ(1− x),
C1 = C2 = (4π)
−2 1
2
eg3ρv
√
Xpi(1 +Xpi),
and we introduced the notation M2 ≡ m2a − m2pi = 2Q · q. Since mpi + mρ < ma these amplitudes acquire an
imaginary part if ∆2(x) < 0, and we have to select the proper branch of the logarithm. Recalling the prescription
m2 → m2 − i0 for the masses of the particles in the propagators, we have correspondingly ∆2(x)→ ∆2(x)− i0 and
we can use the substitution
log∆2(x) = log |∆2(x)| − iπθ(−∆2(x)) = log |∆2(x)| − iπθ(x − x−)θ(x+ − x), (B14)
x± = {(m2a +m2ρ −m2pi) ± [(m2a +m2ρ −m2pi)2 − 4m2am2ρ]1/2}/2m2a,
in Eq.(B12) and (B13) to calculate the real and imaginary parts. Here θ(y) = 1 if y > 0, and 0 otherwise.
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For the j = 3 contribution we obtain
T3 = C3{−1 + 2
∫ 1
0
log
∆2(x)
∆3(x)
[x− ∆3(x)
M2(1− x) ] dx}, (B15)
∆2(x) = m
2
pix+m
2
σ(1− x) −m2ax(1− x), ∆3(x) = m2pix2 +m2σ(1− x),
C3 = (4π)
−22egρλv
√
XpiXpi, 2λ = (m
2
σ −m2pi)/v2 .
A substitution similar to Eq.(B14) is applied to calculate the real and imaginary part of T3.
Next, for the diagrams with j = 4 in Fig. 2 the amplitude is real and reads,
T4 = C4{1
2
(1− δ) +
∫ 1
0
log
∆2(x)
∆3(x)
[x− 3 + δ(1 − x) + 1
x
(
∆3(x)
M2
(1− δ) + 2)] dx}, (B16)
∆2(x) = m
2
σx+m
2
a(1− x)2, ∆3(x) = −m2pix(1 − x) +m2σx+m2a(1− x),
C4 = (4π)
−22eg3ρv
√
Xpi, δ = (m
2
σ −m2pi)/m2a .
The contribution j = 5 in Fig. 2 with an intermediate Higgs meson η (π+η state) is
T5 = C5{−1 + 2
∫ 1
0
log
∆2(x)
∆3(x)
[x− ∆3(x)
M2(1 − x) ] dx}, (B17)
∆2(x) = m
2
pix+m
2
H(1− x)−m2ax(1 − x), ∆3(x) = m2pix2 +m2H(1− x),
C5 = −(4π)−2 1
4
eλHmρ
√
1−Xpi(1−Xpi),
The amplitudes for j = 6 (a+η state) and j = 7 (ρ+ζ state) can be written in the form
T6/7 = C6/7{
1
2
(1 − δ) +
∫ 1
0
log
∆2(x)
∆3(x)
[x− 3 + δ(1− x) + 1
x
(
∆3(x)
M2
(1 − δ) + 2)] dx}, (B18)
where
∆2(x) = m
2
Hx+m
2
a(1− x)2, ∆3(x) = −m2pix(1 − x) +m2Hx+m2a(1− x),
C6 = −(4π)−2 1
4
eg3ρu
√
1−Xpi, δ = (m2H −m2pi)/m2a
for j = 6, and
∆2(x) = m
2
Hx+m
2
ρ(1− x)−m2ax(1 − x), ∆3(x) = m2Hx+m2ρ(1− x)−m2pix(1 − x),
C7 = C6, δ = (m
2
H −m2pi)/m2ρ
for j = 7. In the limit of large Higgs mass, m2H ≫ m2pi,m2ρ,m2a, the sum of the amplitudes with the intermediate η
and ζ mesons can be written as
T5 + T6 + T7 ≈ (4π)−2eg2ρ
m2a −m2pi
6mρ
√
1−Xpi +O(m−2H ). (B19)
This amplitude corresponds to a contact-like Lagrangian in Eq.(54) of sect. III B 2.
Finally, the amplitude for j = 8 (pn¯ state) on Fig. 2 has the form
T8 = C8
∫ 1
0
log
[
m2N −m2ax(1 − x)
m2N −m2pix(1 − x)
]
(1 − 2x)dx
1− x , (B20)
C8 = (4π)
−22egρgpimN
√
Xpi .
The amplitude on Fig. 3 describing the decay ρ+ → π+γ is calculated similarly. Evaluating the trace we obtain
Mµν =⇒ Tr[(k/+ p/ +mN)γ
µ(k/+Q/ +mN)γ
ν(k/+mN )γ5]
Dk Dk+QDk+p
=⇒ 4mN εµνλσQλqσ 1
Dk Dk+QDk+p
. (B21)
20
The result of the integration over k is given in Eq.(57) of Sect. III B 3.
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